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Maximum Signal-to-Noise Ratio of a Tape Recorder

ABSTRACT

Using the Wiener auto-correlation theorem,
the noise power spectrum of the pole strength
in a thin lamina of an erased tape is shown
to be approximately “white.” The noise power
spectrum of the reproduce head voltage is
calculated for a thick tape and compared with
the signal power. The wideband signal-to-
noise ratio of a tape recorder equalized flat is
deduced and expressed in very simple forms,
which are inversely dependent upon the
square of a bandwidth. Notably, in this spe-
cial case the wideband result is independent
of reproduce head-to-tape spacing. Numeri-
cal examples demonstrate that this simple
theory yields results in excellent agreement
with practice.

INTRODUCTION

The signal-to-noise ratio (SNR) of a tape re-
corder is, with the possible exception of the
“drop-out” behavior, the most important fac-
tor governing its utility as an information
storage system. The maximum possible SNR,
which occurs when the principal noise source
in the system is the tape itself, depends nat-
urally not only upon the fundamental param-
eters of the tape but also upon the manner of
its use. The discussions of SNR given previous-
ly, %% though correct, seem. to be needlessly
complex. Further, the results are not in forms
readily useable by the system designer. In the
present paper the entire problem is reworked
in a simple, direct manner using the Wiener
auto-correlation theorem.

It is shown that the wideband SNR may be
expressed in very simple forms which yield
values in exceptionally close agreement with
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experiment. Several new relationships of prac-
tical significance are derived and discussed.
Further, since all the important expressions
are derived from first principles, it is believed
that the work is not without pedagogic merit.

INITIAL CONSIDERATIONS

Whereas the signal in a tape recorder relates
to the mean magnetization of the tape par-
ticles, the noise arises from the deviations
from the mean of the magnetization. In an
erased tape the major source of these devia-
tions is the randomness of the particle mag-
netization directions. We shall assume that
only two directions exist, positive and nega-
tive, which are occupied at random.

As the tape becomes magnetized and the
directional randomness decreases, one might
expect the noise to decrease. In fact, it in-
creases somewhat, probably due to non-uni-
form particle packing effects. A noise which
depends upon the signal (modulation noise)
is neither stationary nor additive. However,
since in the best tapes the noise increase is
slight (=~ 3-4 dB), we shall assume here that
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FIGURE 1. Particle pole strength.

the noise is stationary and additive at all sig-
nal levels.

TAPE MAGNETIZATION STATISTICS

We seek first the auto-correlation function
(ACF), taken in the direction of head-to-tape
motion (x), of the pole strength* in a lamina,
of width @ and thickness 8y, of an erased,
oriented, particulate, tape. Suppose the single
domain particles be identical, have dipole
moment # =pl (see Fig. 1) and be at a den-
sity n. The pole strength of the lamina, at
longitudinal position x, is,

P(x) =Z bt pi(x)
1

where by = £1 at random Y

The ACF is, by definition for stationary ran-
dom processes,®
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*The pole strength is defined by P{x) = fa M(x) dA,
where M(x) is the magnetization and A is the cross
sectional area.



acF(xh)
2
pet
acF=p20-[x)), |l i<e
ACF=0 |xl|3e
] o + x!

FIGURE 2. Auto-correlation function of particle pole strength.

Since, on the average, the particles only corre-
late with themselves, the lamina pole strength
ACF is simply the sum of the individual par-
ticle pole strength ACF’s, each of which is
equal to p* ({ — |[x'}) (see Fig. 2). According
to the Wiener theorem the noise power spec-
trum is given by the Fourier cosine transform
of the ACF.4 Thus the noise power spectrum
of the lamina pole strength is:
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This function is plotted in Fig. 3. Note that
the important result that, for wavelengths (A)
substantially larger than the individual particle
length, the lamina pole strength noise power
spectrum is flat. This “white” spectrum ap-
proximation is assumed hereafter.

OUTPUT NOISE POWER SPECTRA (NPS)

Having defined the statistics, we proceed to
compute the reproduce head voltage NPS.
Providing gap losses may be neglected, the
reproduce head exhibits a linear voltage trans-
fer function 47V |k| e I*I*. That this is true
may be seen immediately since

at+d
f47r V |k| e 1*l¥ dy = 47 V (1-e7I81%) e7I¥I®
a )

which is the familiar Wallace output voltage
spectrum.’ To compute the output voltage
NPS, we multiply the lamina pole strength
noise power spectrum by the reproduce head
power transfer function and integrate through
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FIGURE 3. Noise power spectrum of lamina pole strength.
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FIGURE 4. Relative signal and noise power spectra versus wavenumber (k) for a 400 xinch coating.
No head-to-tape spacing effect is shown since it would change both curves equally.

the tape thickness. This operation is, in physi-
cal terms, allowing for the fact that the re-
produce head only senses a wavelength de-
pendent, limited volume of tape adjacent to
the gap.
Thus,

at+d
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9
a result obtained by both Daniel! and Stein.?
A similar development using the transfer func-
tion for a non-differentiating head (47 e™*%)
leads to the output flux NPS.
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Should expressions (9) and (10) be integrated
over an infinite bandwidth despite the com-
ments following equation (6), and the onset
of reproduce gap losses, the results are:
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as given by Mee.6 They represent merely up-
per bounds to the total noise power. It will be
evident that should exact results be needed
they could be computed with little difficulty.

OUTPUT SIGNAL POWER SPECTRUM (SPS)

Suppose that, perhaps because of the need
to minimize distortion, the sinusoidal signal

magnetization recorded on the tape is only
at a fraction f of the maximum amplitude.
possible. Further suppose, perhaps because
of the need to minimize short wavelength
record process losses, the tape is only re-
corded upon to a limited depth d’<d. Ap-
parently by inspection of equation (7) the
output signal power spectrum is:

2

(13)

It will be noted the head-to-tape spacing
dependence of both the SPS and NPS is iden-
tical. This occurs because the same physical
laws govern both signal and noise of the same
frequency. The two spectra are shown in
Fig. 4.

The measured signal spectrum matches the
calculated curve very closely. The measured
noise spectrum? deviates appreciably at long
wavelengths from that expected. In particu-
lar, the measured noise spectrum has a lower
slope than expected. This is probably because
the measurements unavoidably include “sur-
face” noise (attributable to tape roughness
and consequent head-to-tape spacing varia-
tions) the magnitude of which increases with
decreasing frequency. However, the differ-
ences are small when the highest quality tape
is used and in any case such low frequency
differences have little effect upon the wide-
band SNR.

Es (k) = 12 [47 wn o fV (1—e 1¥I19) e1kI2]

NARROW-BAND SNR
The narrow-band SNR for a “slot” of width
Ak is:
27 no 2 (T-e I¥I)?
k| (1—e~T¥1%) Ak (14)

(SNR)narrow =

It is, of course, independent of head-to-tape
spacing. The adverse effects of nonsaturation
and partial penetration recording are evident;
both reduce the SNR because, whilst only a
limited number of particles contribute to the
signal, all still contribute to the noise.




WIDEBAND SNR

Since the signal and noise power spectra are
not identical, the wideband SNR depends up-
on the reproduce system equalization. Gen-
erally, wideband SNR’s will also depend upon
the head-to-tape spacing. A simple case, of
particular interest because of its widespread
use, occurs when the output signal is equal-
ized ““flat.”” To achieve this, the power trans-
fer function of all parts of the reproduce
system after the head must be the reciprocal
of the signal power spectrum given by equa-
tion (13).

Note that this particular equalization makes
the equalized noise power spectrum inde-
pendent of head-to-tape spacing. An impor-
tant consequence is that, in this special case,
the wideband SNR is independent of repro-
duce head-to-tape spacing. “Out of contact”
playback need not entail a loss in SNR pro-
viding other noises in the system are kept
below the (attenuated) tape noise. The onus
is on the system designer.

The wideband SNR for such systems is cus-
tomarily defined to be the equalized signal
power divided by the integrated noise power
in the system bandwidth. That is,

Iklmax
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Before evaluating this expression, two sim-
plifications may be mentioned. First, if we
consider only full coating depth recording
(d’= d), then, dropping the modulus signs,

kmnx

(SNR)wide =27 nw f’l:fk coth £d~d k]
2 (16)
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The signal and noise spectra for this case are
shown in Fig. 5. Second, for a system in
which the wavelengths over a substantial
fraction of the bandwidth are comparable to
or smaller than the tape coating thickness, so
that kd > 1 and coth kd/2 = 1, then

(SNR)wige = 47 1 6 £ [ Knex = Kimin ] ™ 4
This form may be compared with that result-
ing from the common, but erroneous, as-
sumption that the tape noise is “white” in
which case SNR @ (kmax—kmin)™". In a system
equalized flat, the NPS rises at approximately
3 dB/octave, and consequently doubling the
bandwidth actually entails a loss in SNR of
about 6 dB rather than 3 dB.

It will be shown below that the extremely
simple form of equation (17) does indeed
closely approximate measured SNR’s. It should
be noted that the tape speed (V), the head-
to-tape spacing (@), the coating thickness (d)
and the dipole moment (#) do not appear;

21rnwf2
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FIGURE 5. Signal and noise power specira versus wave-
number (k) in a system equalized flat. The depth of record-
ing is equal to the coating thickness. Both spectra have
been multiplied by a factor of 27 nwf2,

they do not have an important effect upon
the maximum SNR.

The best tapes obviously yield the highest
product of nf’. Magnetostatic interparticle
interactions, which are rather poorly under-
stood, control the distortion limit (f) and con-
sequently n and f are not independent vari-
ables. No simple theory giving the functional
dependence of f on n can presently be given.

NUMERICAL EXAMPLES

We consider first the case of a 400-Hz to
1.5-MHz 120-ips, 50-mil trackwidth, wideband
analog recorder equalized flat. The record
gap length (150 rin) used is known to be
noncritical, since the adjustments of the in-
put currents largely compensate for differing
gap lengths. Both the reproduce gap length
(25 nin) and the average ¥-Fe.O; particle
length (about 20 gin) are much smaller than
the minimum wavelengths occurring (80 uin).
A-c bias is used at a level which yields the
maximum short wavelength output. If a head-
to-tape spacing of 20 #in is assumed, the un-
equalized signal spectrum matches that ex-
pected for a partial penetration depth of
about 75 to 100 gin. The signal input level is
adjusted so that no more than 1% third har-
monic distortion exists at long wavelengths,
Under similar conditions, the RMS remanent
flux in audio tapes has been found to be
about 200 nano-weber per meter of track
width which is equivalent to a peak magneti-
zation of about 250 gauss.® Since the maxi-
mum remanence of Y-Fe:O; analog tapes is
about 1250 gauss, the distortion limit (f) is
taken to be 0.2. The tape (Ampex 771) of
coating thickness 400 uin, contains acicular
v-Fe:Os particles of dimensions 20x4x4 uin
(i.e., 5000 x 1000 x 1000 A) which are packed
at one-third by volume. The number of par-
ticles per cubic microinch (n) is therefore
about 107°.

The exact SNR given in equation (15) may
be written:

u
1 [sa-eds |
GNR)wsae ~ 27 o § [?f?ﬁ]

° (18)

where U = kmax d, and & = d’/d

In the present case, substituting numbers,

u
A [sa-eds
(SNR)wlde =~ 210 [fTe‘as)—z—j]
o (19)
. d
withu = =~ 30,and a = 0.4

min

The integral has been evaluated numeri-
cally and the results are tabulated in Table 1.
Consequently, equation (19) may be written

10 logw (SNR)wiae = 10 logu (2.10°) — 26.6
= 63— 26.6 = 36.4dB

The simple approximate form given in equa-
tion (17) yields

10 |Ogm (SNR) widge = 10 lOgm (47 nof* kmax?)
=10 |ng (4000) = 36 dB

u

s(1-e™*)ds
10 log e @y

o)
for some values of u and a

Table |

u a 0.2 0.4 0.6 0.8 1.0

5 200 155 136 125 120
10 2271 189 179 175 173
20 252 236 233 231 231
40 297 292 291 291 29.0
80 352 3571 351 351 351

160 411 471 413 411 411

which is less than 1 dB different from the
exact result. Experimentally, if due care is
taken to minimize other noises (mainly those
due to reproduce head eddy currents) and to
maintain the head efficiency at the upper fre-
quencies, wideband RMS signal-to-RMS noise
ratios of 34 to 35 dB have been measured in
excellent agreement with the above theory.

As a second example we consider briefly
a 40-Hz to 15 KHz, 7.5-ips, 80-mil trackwidth,
professional audio recorder. Such machines
use both variable pre-equalization (of the
record current) and fixed post-equalization,
whereas the above theory considers only var-
iable post-equalization.

It might seem, therefore, that the theory is
not directly applicable. However, it turns out
that direct application of equations (15) and
(17) in fact does yield “good”” numbers when
the tape speed is greater than or equal to
7.5 ips. This coincidence is related to the fol-
lowing considerations: the better quality tapes
need little pre-equalization and thus produce
an output spectrum close to that given by
equation (7); the poorer tapes have consider-
able pre-equalization applied but again they
yield the same output spectrum; and the fact
that there is not much difference between
the noise spectra of the different tapes.

To proceed with the calculation then we
note that whereas the distortion limit is the
same as in the previous example, now the




depth of recording is equal to the standard
v-Fe:0; coating thickness (400 uin). In this
case (u =5, a = 1.0) equations (15) and (17)
yield 10 log (SNR)w14e values of 54 and 55 dB
respectively, which values compare favorably
with the 56 to 57 dB usually measured on
such “half-track” audio machines.

The uncertain factors in these calculations
are, of course, the partial penetration depth
(d") and the distortion factor (f}. Whereas the
calculated (SNR)w14e is not sensitively depen-
dent upon the exact value of the penetration
depth, it does depend critically upon the dis-
tortion factor used. The value adopted here
(0.2) is believed to be quite accurate and
typical of modern analog tapes. However,
even if the distortion factor is regarded sim-
ply as an adjustable parameter, the valuable
fact remains that the theory, with f= 0.2,
yields results in such excellent agreement
with practice.

The above theory does not consider the
effects of magnetostatic interactions which,
particularly in non-uniformly packed tapes,
will give rise to modulation noise. The excel-
lent agreements found using the above simple

theory indicate, however, that, at least in the
case of distortion limited recorders where,
perforce, the signal level and tape magneti-
zation is low, the effect of modulation noise
upon (SNR)wiae is small.
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Nomenclature:

>

cross sectional area of tape
(normal to head-tape motion)
a  head-to-tape spacing
b dimensionless factor equal to *1
d  tape coating thickness
d’  depth of recording {d’ < d)
En  reproduce head noise voltage {(k domain}
Es reproduce head signal voltage {k domain)
f ratio of signal to maximum possible signal
k  wavenumber (2 T/A}
kmin minimum wavenumber
kmax maximum wavenumber
magnetic porticle length
M tape lamina longitudinal magnetization
{x domain)
number of particles per unit volume
magnetic particle pole strength {x domain)
tape lamina pole strength (x domain)
dimensionless factor {kd)
dimensionless factor {kmax d)
head-to-tape relative velocity
track width
tape longitudinal coordinate
offset tape coordinate
tape normal coordinate
dimensionless factor (d’ /d)
wavelength
magnetic particle dipole moment (pl)
lamina pole strength noise power (k domain)
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The drawing pictured on the front page is of the first magnetic recorder—
the Telegraphone. The inventor, Valdemar Poulsen, received a U.S. patent
approval for his ““device for effecting the storing up of speech or signals by
magnetically influencing magnetizable bodies” on November 13, 1900.
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